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The excitation efficiency of a morphology-dependent resonance (MDR) by an incident beam is defined as the
fraction of the beam power channeled into the MDR. The efficiency is calculated for a focused Gaussian
beam of arbitrary width incident on either a spherical particle or a cylindrical fiber located at an arbitrary
position in the plane of the beam waist. In each case a simple formula for the efficiency is derived by use
of the localized approximation for the beam-shape coefficients in the partial-wave expansion of the beam.
The physical interpretation of the efficiency formulas is also discussed. © 1998 Optical Society of America
[S0740-3232(98)01512-9]
OCIS codes: 290.0290, 290.4020.
1. INTRODUCTION
When a beam of electromagnetic radiation is incident on a
small dielectric particle of high symmetry, such as a
sphere or a circular cylinder, a morphology-dependent
resonance (MDR) is excited in one of the partial waves in
the partial-wave expansion of the incident beam at cer-
tain combinations of the wavelength of the radiation and
the particle’s radius and refractive index. According to
van de Hulst’s localization principle,1 the resonant partial
wave corresponds to an incident light ray whose impact
parameter with respect to the center of the particle is
somewhat larger than the particle’s radius, and therefore
the ray would classically pass the particle without strik-
ing it. The fact that MDR’s are excited by rays that miss
the particle is paradoxical in ray optics, but it is easily un-
derstood in wave optics. A portion of the partial wave
evanescently tunnels through the centrifugal barrier sur-
rounding the particle and is transmitted to the particle’s
interior.2–4 Once inside, the partial wave is trapped in
the particle’s radial interior potential well and succes-
sively reflects back and forth within it. At resonance, ap-
proximately an integer number of half-wavelengths of the
partial wave fit within the radial potential well, and the
successive internal reflections are in phase with one an-
other. As a result, a large energy density builds up in-
side the particle just beneath its surface,5,6 and at each
internal reflection a certain percentage of the interior
field tunnels back out through the centrifugal barrier and
is detected in the far zone as a resonant amplification of
the scattered light.7,8
A decade ago it was experimentally observed9,10 that
the efficiency of MDR excitation depends on whether the
incident beam is a plane wave or a focused Gaussian
beam, and for Gaussian beam incidence it depends on the
degree of beam focusing and the position of the beam’s fo-
cal waist with respect to the particle. This dependence of
the MDR excitation efficiency on the properties of the
beam is intuitively sensible since a large percentage of
the corresponding rays in a tightly focused beam11 inci-
dent somewhat beyond the particle’s edge have the cor-
rect impact parameter for MDR generation, whereas most
of the rays in a loosely focused beam or a plane wave do
not.
Numerical computations of the absorption efficiency,12
the interior source function,12,13 and the total energy in-
side a spherical particle13,14 as a function of the width of
the illuminating beam and the beam’s focal waist position
have corroborated the experimental observations. In ad-
dition, an analytical approximation for the position of the
center of the beam’s focal waist that gives the largest
MDR excitation efficiency (i.e., the optimal position of the
focal waist) has been derived15 by use of the localized ap-
proximation for the beam-shape coefficients in the
partial-wave expansion of a focused Gaussian beam16–18
and has been compared with the results of numerical
computations for sphere MDR’s. Also, a simple physi-
cally based ray-theory approximation to the MDR excita-
tion efficiency at the optimal position of the beam’s focal
waist has been derived.19
In this paper we derive an analytical approximation to
the MDR excitation efficiency for a focused Gaussian
beam of arbitrary width incident on a sphere (Section 2)
or upon a circular cylinder (Section 3) located at an arbi-
trary position in the plane of the beam waist, using the
localized approximation beam-shape coefficients. We
discuss the limitations of our results in Section 4. The
expressions for the excitation efficiency derived here,
along with the previously derived expression for the opti-
mal beam position,15,20 completely characterize the de-
pendence of the MDR excitation efficiency on the proper-
ties of an incident Gaussian beam.
2. MORPHOLOGY-DEPENDENT-
RESONANCE EXCITATION EFFICIENCY FOR
A SPHERICAL PARTICLE
We consider an electromagnetic beam with peak electric
field strength E0 , wavelength l, and wave number k
5 2p/l traveling parallel to the z axis and incident upon
a nonabsorbing dielectric spherical particle of radius a
and real refractive index n whose center is at the origin of
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coordinates. This geometry is shown in Fig. 1. The
beam-shape coefficients in the partial-wave expansion of
the incident beam are Al,m and Bl,m , where l is the
partial-wave number (1 < l , `) and m is the azimuthal
mode number (2l < m < l). When the spherical Bessel
functions in the partial-wave expansion are decomposed
into incoming and outgoing parts and the outgoing part is
evaluated in the far zone, the beam power may be ex-
pressed in terms of the beam-shape coefficients as
Pbeam 5 S E022m0c D S p4k2D(l51
` 2l 1 1
l~l 1 1 ! (m52l
l
~l 1 umu!!
~l 2 umu!!
3 ~ uAl,mu2 1 uBl,mu2!, (1)
where m0 is the permeability of free space and c is the
speed of light. The beam is scattered by a spherical par-
ticle, and the scattered power is21
Pscatt 5 S E022m0c D S pk2D(l51
` 2l 1 1
l~l 1 1 ! (m52l
l
~l 1 umu!!
~l 2 umu!!
3 ~ uAl,mu2ualu2 1 uBl,mu2ublu2!, (2)
where al and bl are the partial-wave scattering ampli-
tudes.
We assume that as l is varied while a and n are held
fixed, the particle size parameter x 5 2pa/l sweeps
through a TE-polarized or a TM-polarized MDR of line-
width 2G in partial wave L. Since there is no absorption
of light by the particle and n is assumed to be real, the
partial-wave scattering amplitudes satisfy7 ubLu2
5 1.0 for a TE resonance and uaLu2 5 1.0 for a TM reso-
nance at the value of l that corresponds to the center of
the resonance linewidth. Once radiative equilibrium be-
tween the incident beam and the particle has been
reached and the energy stored in the MDR mode within
the particle is constant, the incident energy per second
coupled into the MDR is equal to the energy per second
tunneling out of the MDR and appearing in the far zone
as scattered light. Thus we define the TE-polarized and
TM-polarized MDR excitation efficiencies eL
TE and eL
TM , re-
spectively, as the ratio of the power elastically scattered
by the MDR mode divided by the incident beam power:
eL
TE 5 Pscatt, L
TE /Pbeam , (3)
eL
TM 5 Pscatt, L
TM /Pbeam , (4)
where we obtain Pscatt, L
TE and Pscatt, L
TM from Eq. (2) by con-
sidering only the resonant partial wave and employing
the value 1.0 for the appropriate partial-wave scattering
amplitude at the center of the resonance linewidth; i.e.,
Pscatt, L
TE 5 S E022m0c D S pk2D 2L 1 1L~L 1 1 !
3 (
m52L
L
~L 1 umu!!
~L 2 umu!!
uBL,mu2, (5)
Pscatt, L
TM 5 S E022m0c D S pk2D 2L 1 1L~L 1 1 !
3 (
m52L
L
~L 1 umu!!
~L 2 umu!!
uAL,mu2. (6)
We now specify our results to a focused Gaussian beam
of electric field 1/e half-width w0 positioned such that the
center of its focal waist is located at (x0 , y0 , 0) as in Fig.
1. The localized approximation beam-shape coefficients
provide an accurate approximation to both the amplitude
profile and the phase fronts of the Gaussian beam as long
as the beam’s focal waist is wider than a few wavelengths.
The localized coefficients for scattering by a sphere are
based on the Davis–Barton model of Gaussian beams and
are expressed in spherical coordinates as15
Al,0 5 2iF l~l 1 1 !
~l 1 12 !
Gcos f0
3 expH 2F r02w02 1 s2~l 1 12 !2G J I1~Q !,
Al,6m 5 @2i exp~7if0!/~l 1
1
2 !#
umu21
3 expH 2F r02w02 1 s2~l 1 12 !2G J
3 @I umu21~Q ! 1 exp~7i2f0!I umu11~Q !#;
Bl,0 5 2iF l~l 1 1 !
~l 1 12!
Gsin f0
3 expH 2F r02w02 1 s2~l 1 12!2G J I1~Q !,
Bl,6m 5 S 61i D @2i exp~7if0!/~l 1 12!# umu21
3 expH 2F r02w02 1 s2~l 1 12!2G J
3 @I umu21~Q ! 2 exp~72if0!I umu11~Q !#, (7)
Fig. 1. Focused Gaussian beam with the center of its focal waist
at (x0 , y0 , 0) incident on a spherical particle of radius a whose
center is at the origin of coordinates.
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where Il(Q) are modified Bessel functions of the first
kind, the beam’s focal waist position is
x0 5 r0 cos f0 ,
y0 5 r0 sin f0 ,
z0 5 0, (8)
the beam’s confinement parameter s is
s 5 1/kw0 , (9)
and the argument of the modified Bessel function is
Q 5 2s~l 1 12!r0 /w0 . (10)
If the beam were focused either before or after the par-
ticle, i.e., if z0 Þ 0, Q would be a complex number, and the
analysis of the excitation efficiency would become consid-
erably more complicated.
For a typical partial wave l @ 1 in a typical focused
Gaussian beam,15 the magnitude of Al,m and Bl,m reaches
its peak value when m ' 0 and decreases rapidly for
large umu. Thus the approximation
~l 1 umu!!
~l 2 umu!!
' ~l 1 12!
u2mu, (11)
which is most accurate when l is large and umu is small,
may be substituted along with Eqs. (7) for the beam-
shape coefficients into Eqs. (1), (5), and (6). With this ap-
proximation, the addition formulas for modified Bessel
functions22
IP~2x ! 5 (
n52`
`
In~x !Ip2n~x ! (12)
for p 5 0, 2 then allow the sum over m in Eqs. (1), (5),
and (6) to be evaluated, giving
(
m
~L 1 umu!!
~L 2 umu!!
uAL,mu2
' 2~L 1 12 !
2expH 22F r02w02 1 s2~L 1 12 !2G J
3 @ I0~2Q ! 1 cos 2f0I2~2Q !# ,
(
m
~L 1 umu!!
~L 2 umu!!
uBL,mu2
' 2~L 1 12 !
2expH 22F r02w02 1 s2~L 1 12 !2G J
3 @I0~2Q ! 2 cos 2f0 I2~2Q !#. (13)
In applying the addition formulas for modified Bessel
functions to Eqs. (1), (5), and (6) we changed the sum over
m from 2L < m < L to 2` , m , `. This change
should not cause a problem because, as was mentioned
above, the numerical value of Alm and Blm decreases rap-
idly for large umu. The use of the addition formulas for
modified Bessel functions in relations (13) has not been
considered previously and greatly simplifies the calcula-
tions of excitation efficiency for sphere MDR’s.
As a consistency check of these approximations, when
relations (13) are substituted into Eq. (1) the incident
beam power becomes
Pbeam ' S E022m0c D S 2pk2 D exp~22r02/w02!(l51
`
~l 1 12 !
3 I0@4s~l 1
1
2!r0 /w0#exp@22s
2~l 1 12 !
2#.
(14)
If many partial waves contribute to the partial-wave ex-
pansion of the beam, relation (14) can be converted ap-
proximately into an integral over the impact parameter,
to give23
Pbeam ' S E022m0c D S 2pk2 D exp~22r02/w02!E0
`
ldl
3 I0~4slr0 /w0!exp~22s
2l2!
5 S E022m0c D S p w0
2
2 D , (15)
as expected for a focused Gaussian beam with electric
field 1/e half-width w0 in the Fresnel diffraction model of
beam propagation.24
We can now evaluate the MDR excitation efficiency by
combining relations (3)–(6), (13), and (15) to give
eL
TE 5 8~L 1 12 !s
2 expH 22F r02w02 1 s2~L 1 12 !2G J
3 @I0~2Q ! 2 cos 2f0I2~2Q !#,
eL
TM 5 8~L 1 12 !s
2 expH 22F r02w02 1 s2~L 1 12 !2G J
3 @I0~2Q ! 1 cos 2f0I2~2Q !#. (16)
Equations (16) are valid for both arbitrary w0 and ar-
bitrary transverse positioning of the beam-waist center
(x0 , y0 , 0) with respect to the spherical particle. From a
numerical-method point of view, only two modified Bessel
functions, for which various approximations are
known,15,25 are to be evaluated in Eqs. (16). On the other
hand, in previous numerical computations for sphere
MDR’s produced by an off-axis Gaussian beam, the beam-
shape coefficients had to be computed and the sum over m
had to be computed and tested for convergence. Also,
since Eqs. (16) are based on Lorenz–Mie theory, they rep-
resent an improvement over the intuitive but approxi-
mate ray theory result of Ref. 19.
If the beam strikes the spherical particle approxi-
mately on center, i.e., r0 ' 0, then Q is small and the
modified Bessel functions in Eqs. (16) may be Taylor-
series expanded.26 The excitation efficiency for TE- and
TM-polarized MDR’s then becomes
eL
TE ' eL
TM ' 8~L 1 12!s
2 exp@22s2~L 1 12!
2#
3 @1 1 O~Q2!#. (17)
The maximum value of relation (17) occurs when
2s2~L 1 12!
2 5 1, (18)
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or, since low radial-order resonances occur in the partial
waves L & nka, the beam width for maximum on-axis
MDR excitation is
W0 5 lL/~2 !
1/2p ' ~2 !1/2 na (19)
and the maximum on-axis efficiency is
~eL!max ' 4e
21/L ' 0.234 l/na. (20)
Since high-radial-order MDR’s occur for L * ka, the fac-
tor n should be deleted in relations (19) and (20) when one
describes high-radial-order resonances.
If the beam strikes the spherical particle far off axis,
e.g., r0 ' a, then Q is large and the modified Bessel func-
tions in Eqs. (16) may be approximated by their
asymptotic expansions.27 The MDR excitation efficien-
cies then become
eL
TE '
4s2~L 1 12 !
~pQ !1/2
3 expH 22F r0w0 2 s~L 1 12 !G
2J F~1 2 cos 2f0!
1
1
16Q
~1 1 15 cos 2f0! 1 OS 1Q2D G , (21)
eL
TM '
4s2~L 1 12 !
~pQ !1/2
3 expH 22F r0w0 2 s~L 1 12 !G
2J F ~1 1 cos 2f0!
1
1
16Q
~1 2 15 cos 2f0! 1 OS 1Q2D G . (22)
Relations (21) and (22) illustrate that TM-polarized reso-
nances are most efficiently excited when f0 5 0°, 180°,
TE-polarized resonances are most efficiently excited when
f0 5 90°, 270°, and the highest-efficiency beam position
is
r0 /w0 5 s~L 1
1
2!. (23)
The optimum r0 in Eq. (23) has previously been expressed
in terms of n, the particle size parameter at resonance
xres , and the radial order number i of the MDR in Eq. (63)
of Ref. 15. At the optimal off-axis beam position the TE
or TM excitation efficiency is
eL
TE ' eL
TM ' S 2p D
3/2 l
w0
' 0.508
l
w0
. (24)
This result is compared with the value eL
TE ' eL
TM
' 0.143l/w0 obtained by use of ray theory in Ref. 19.
The ray-theory result is seen here to give the correct order
of magnitude and the correct dependence on l and w0 .
The maximum MDR excitation efficiency of relation (24)
is independent of the partial-wave number L, of whether
the resonance is TE or TM polarized, and of the resonance
half-width G, assuming that beam wavelength l corre-
sponds to the center of the MDR linewidth.
The derivation leading to relation (24) ignored the fi-
nite linewidth Dlbeam of the laser beam. If the laser line-
width exceeds that of the resonance, only some of the
wavelengths within the laser linewidth are able to excite
the MDR. Such is the case for low-radial-order MDR’s,
for which DlMDR can easily
28 be less than 1025 nm,
whereas a typical laser linewidth is29 Dlbeam
' 1023 nm. If the size parameter interval encompassed
by the laser beam’s linewidth is
2g 5 xDlbeam /l (25)
and the laser beam power as a function of l is modeled as
a Gaussian centered on the dominant laser wavelength,
relation (24) should be multiplied by the half-width ratio
G/(G2 1 g2)1/2. For a wide-resonance (high-radial-order)
or a narrow-linewidth laser, the ratio is unity and rela-
tion (24) remains unchanged. For a narrow-resonance
(low-radial-order) or a broad-linewidth laser, the ratio ap-
proaches G/g. The low value of this ratio is the cause of
the small excitation efficiency of low-radial-order MDR’s
and their resulting absence in elastic scattering spectra.
A simple example illustrating the dependence of the
MDR excitation efficiency on the beam width and position
is as follows: A spherical particle of radius a
' 22.5 mm can exhibit MDR’s in partial waves of L
' 300 when it is illuminated by laser light with l
5 0.5145 mm. We assume that the beam has on-axis in-
cidence, i.e., r0 5 0 mm, and that it is minimally focused
to w0 5 1000 mm, approximating a plane wave striking
the particle. If l, a, and n are suitably related so as to
excite an L ' 300 resonance and the laser linewidth sat-
isfies g ! G, the fraction of the incident beam power
coupled into the MDR is e300
TE 5 e300
TM 5 1.6 3 1025. The
excitation efficiency is small since most of the incident
rays in the wide beam do not have the correct impact pa-
rameter for exciting the resonance. If the beam is now
focused to w0 5 8 mm (approximately 1/3 of the particle
radius) and is still incident on axis, the MDR excitation
efficiency falls to e300
TE 5 e300
TM 5 3.6 3 1029 since only the
tail of the Gaussian beam has the proper impact param-
eter for exciting the MDR. If, however, the w0 5 8 mm
beam is moved to the optimal position r0 5 24.6 mm ei-
ther on the x axis so as to excite primarily a TM-polarized
resonance or on the y axis so as to excite primarily a TE-
polarized resonance, then e300 5 3.3 3 10
22 of the inci-
dent beam power is coupled into the TE or the TM reso-
nance, assuming no absorption. This large efficiency is
impressive for a beam that classically misses the particle,
and it attests to the efficiency of the evanescent tunneling
mechanism at resonance.
3. MORPHOLOGY-DEPENDENT
RESONANCE EXCITATION EFFICIENCY FOR
A CYLINDRICAL FIBER
When a Gaussian beam excites a MDR in a long nonab-
sorbing dielectric fiber of radius a and real refractive in-
dex n, the beam–fiber geometry renders the situation
more complicated than for sphere MDR’s. Physically,
scattering by a cylinder depends strongly on the angle j
that the incident beam makes with the normal to the cyl-
inder axis.30 On the other hand, when a beam is incident
on a sphere, a rotated coordinate system x8y8z8 can al-
ways be found in which the beam propagates parallel to
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the z8 axis, as in Fig. 1. Mathematically, the different
symmetries of the beam–sphere and beam–cylinder ge-
ometries are reflected in the respective eigenfunctions
and eigenvalues of the scalar Helmholtz equation. As
mentioned in Section 2, in spherical coordinates the
eigenfunctions are parameterized by two indices, l and m,
which take on integer values. The partial-wave index l
qualitatively describes the impact parameter distance of
an incident ray from the origin of coordinates, and the
azimuthal index m is related to the angular clustering
with respect to the origin of all the rays that have a given
impact parameter. In cylindrical coordinates, the eigen-
functions are parameterized by the partial-wave index l,
which now has integer values 2` , l , `, which quali-
tatively describes the impact parameter distance of an in-
cident ray to the left or right of the origin, and a continu-
ous index h with 2` , h , `, which is related to the
propagation direction h of a plane-wave component in the
angular spectrum of the incident beam with respect to the
xy plane. As a result, the cylinder partial-wave scatter-
ing amplitudes al(h), bl(h), and ql(h) are functions of h,
whereas the sphere partial-wave scattering amplitudes al
and bl are independent of m.
It then follows that the relation between l, a, and n for
the excitation of a cylinder MDR also depends31,32 on h.
Specifically, for small h, the particle size parameter at
resonance xres(h) is given approximately by
xres~h! ' xres~0 ! 1 Kh
2, (26)
where K ' L/2n3 for a low-radial-order MDR and K
grows to a few times this value for high-radial-order
MDR’s. The h dependence of xres is illustrated in Fig.
2(a) and strongly influences the MDR excitation effi-
ciency. This is so because the localized approximation
beam-shape coefficients Al(h) and Bl(h) [or Al(h) and
Bl (h), as we will write hereafter since h ; sin h for the
nonevanescent components in the interval 21 < h < 1]
for a focused Gaussian beam expressed in cylindrical co-
ordinates are based on modeling the beam as an angular
spectrum of plane waves.33,34 Specifically, if the propa-
gation direction of a Gaussian beam is normal to the fiber
axis (j 5 0), the component plane waves in its angular
spectrum are incident on the fiber with a small range of
angles Dh 5 4s centered about h 5 0 [see Fig. 2(b)].
Thus if l, a, and n are such that the h 5 0 component in
the angular spectrum excites a MDR at the center of its
linewidth [i.e., x 5 xres(0)], other plane-wave compo-
nents in the beam’s angular spectrum correspond to val-
ues of h for which x Þ xres(h). Either the size parameter
x is off the center of the resonance and excites it only par-
tially or it lies beyond the MDR linewidth and fails to ex-
cite the resonance. We can see this by comparing Figs.
2(a) and 2(b), where the beam-shape coefficients are non-
zero for a range of plane-wave components h in which
only the h ' 0 components excite the resonance.
We consider a cylindrical fiber whose axis coincides
with the z axis, a Gaussian beam propagating parallel to
the x axis whose focal waist is located at (0, y0 , 0), and a
detector in the form of a circular cylinder of radius r in
the scattering far zone and concentric with the fiber axis.
This geometry is shown in Fig. 3. Again we define the
MDR excitation efficiencies eL
TE and eL
TM as the power elas-
tically scattered by the TE-polarized or the TM-polarized
MDR divided by the beam power. The power of an un-
scattered TE-polarized beam striking the detector in the
interval Dz of Fig. 3(b) is
Pbeam
TE 5 S E022m0c D S 2pk2r DDz cos5 h (l52`
`
u Al~h!u2, (27)
and the power of an unscattered TM-polarized beam
striking the detector is
Pbeam
TM 5 S E022m0c D S 2pk2r DDz cos5 h (l52`
`
uBl~h!u2. (28)
The localized approximation beam-shape coefficients, ex-
pressed in cylindrical coordinates for a normally incident
TE-polarized beam with its beam-waist center at
(0, y0 , 0), are
33
Al~h! 5 ~2sp
1/2 cos2 h!2 1 exp~2sin2 h /4s2!
3 exp@2s2~l/cos h 1 ky0!
2#,
Bl~h! 5 0. (29)
For a TM-polarized beam the expressions for Al(h) and
Bl(h) are interchanged. Notice that the localized beam
coefficients for scattering by a sphere have the TE or TM
nature of the polarization of the incident beam encoded
into both Al,m and Bl,m in Eqs. (7), whereas the polariza-
tion character of the incident beam for scattering by a cyl-
Fig. 2. Dependence of (a) the resonant size parameter and (b)
the incident beam’s angular spectrum of plane waves on the
angle h that a plane-wave component makes with the normal to
the cylinder axis. The MDR linewidth is 2G, the laser beam
linewidth is 2g, and the beam’s angular spectrum extends to h
' 2s.
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inder is encoded only in Al(h) or Bl(h). When the inte-
gral over z [or equivalently over h, since z 5 R sin h in
Fig. 3(b)] on the detector is performed in relations (26)
and (27), the beam power becomes
Pbeam 5 S E022m0c D S pw0
2
2 D , (30)
as expected.
The power of a TE-polarized incident beam that is elas-
tically scattered by the fiber into the interval Dz in Fig.
3(b) is
Pscatt
TE 5 S E022m0c D S 8pk2r DDz cos5 h (l52`
`
u Al~h!u2
3 @ u al~h!u2 1 uql~h!u2#, (31)
and for a TM-polarized incident beam the scattered power
is
Pscatt
TM 5 S E022m0c D S 8pk2r DD z cos5 h (l52`
`
uBl~h!u2
3 @ ubl~h!u2 1 uql~h!u2#. (32)
At normal incidence and for no absorption, the partial-
wave scattering amplitudes at the center of the linewidth
of a TE-polarized MDR in the partial wave L satisfy31
uaL(0)u 5 1.0 and uqL(0)u 5 0.0, and for a TM-polarized
MDR they satisfy ubL(0)u 5 1.0 and uqL(0)u 5 0.0. Com-
bining formulas (27)–(32) and considering the incident
beam intensity and the scattered intensity only in the in-
terval Dz centered about z 5 0, we arrive at a normal-
incidence cylinder MDR excitation efficiency of
eL
TE ' eL
TM ' S 2p D
1/2S 4kw0D exp@22s2~L 6 ky0!2# .
(33)
This z 5 0 excitation efficiency reaches its maximum
value
~eL!max ' S 2p D
3/2S lw0D (34)
when the beam is positioned off axis at the location
ky0 5 6 L. (35)
Relation (34) for the z 5 0 efficiency is identical to the
sphere MDR excitation efficiency of relation (24).
But when the z (or equivalently the h) integral is per-
formed for the scattered intensity in Eqs. (31) and (32),
the result is significantly smaller than that for a sphere
MDR for two reasons. First, as mentioned above, the
magnitude of the partial-wave scattering amplitudes that
appear in the integrand decrease rapidly from unity for
h Þ 0 since the relation between l, a, and n at resonance
for h Þ 0 differs from that for h 5 0. Thus, if the angu-
lar spectrum of the incident beam is sufficiently wide, a
number of the h Þ 0 plane-wave components in the an-
gular spectrum will not resonate. Second, according to
Eqs. (29), the optimal ray impact parameter for MDR gen-
eration by a plane wave with an angle of incidence h is
ky0 5 6 L/cos h. (36)
So if y0 is such that the h 5 0 ray is at the optimal im-
pact parameter, the h Þ 0 rays will not be.
Although MDR line shapes are Lorentzian,35 we model
them here as Gaussians,
uaL~h!u2 ; ubL~h!u2 ' exp$2@x 2 xres~h!#2/G2%,
(37)
for calculational ease. We also assume that the cross-
polarized scattering amplitude vanishes:
uqL~h!u2 ' 0, (38)
which is an accurate approximation for small h. Substi-
tuting Eqs. (29) and relation (37) into Eqs. (31) and (32)
and integrating over h for the single partial wave L, we
find that the power scattered by the MDR becomes
Fig. 3. (a) Focused Gaussian beam with the center of its focal
waist at (0, y0 , 0) normally incident on a cylindrical fiber of ra-
dius a whose axis coincides with the z axis. (b) Detector a dis-
tance r from the fiber in the far zone and concentric with the fiber
axis.
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PL
scatt ' S E022m0c D ~2w02!E2`
`
cos hdh
3 expF22s2L2S 1cos h 2 1 D
2G
3 exp~2sin2 h/2s2!
3 exp$2@x 2 xres~0 ! 2 Kh
2#2/G2%. (39)
When l, a, and n satisfy x 5 xres(0) and the beam is op-
timally positioned as in Eq. (35), the power elastically
scattered by the MDR mode simplifies to
PL
scatt ' S E022m0c D ~2w02!E2`
`
dh exp~2h2/2s2!
3 expF2S s2L22 1 K
2
G2
Dh4G , (40)
where exp(2s2L2h4/2) and exp(2K 2h4/G2) describe the de-
pendence of the optimal ray impact parameter and the
resonant size parameter, respectively, on h. The integral
in relation (40) may be evaluated to give36
PL
scatt ' S E022m0c D ~2w02!2sV1/2 exp~V!K1/4~V!, (41)
where K1/4(V) is a modified Bessel function of the second
kind and
V 5 ~s2L2 1 2K 2/G2!21~2s !24. (42)
The author is not aware of a simple method for approxi-
mating K1/4(V), except in the V ! 0 and V ! ` limits.37
If we ignore the h dependence of the resonances, i.e.,
the exp(2h4) terms, we have the V ! ` limit, and eL re-
duces to the value given in relation (34). On the other
hand, it usually happens that the MDR half-width G is
sufficiently narrow that the h dependence of xres(h) is
stronger than the h dependence of the optimal ray impact
parameter; i.e.,
2K 2/G2 @ s2L2. (43)
In addition, if the resonance is narrow and the beam is
focused at least moderately, we also have
G/K ! 2s2, (44)
and the exp(2h 2/2s2) factor in relation (40) dies off much
more slowly as a function of h than does the
exp(2K 2h4/G 2) factor. We then have the V ! 0 limit,
and relation (41) becomes37,38
PL
scatt ' S E022m0c D ~2w02!E2`
`
dh exp~2Kh4/G2!
5 S E022m0c D ~w02!S GK D
1/2
GS 14 D , (45)
where the gamma function G(1/4) ' 3.6256 is not to be
confused with the resonance half-width G. The MDR ex-
citation efficiency then becomes
eL
TE 5 eL
TM 5
2
p S GK D
1/2
G~1/4!, (46)
which is independent of w0 since the degree to which the
cylinder MDR is excited is determined by the resonance
half-width G rather than by the number of rays that have
the optimum impact parameter as was the case in Section
2 for sphere MDR’s.
As a numerical example, we consider the same beam
parameters that were employed in the numerical example
of Section 2. A long fiber of radius a 5 22.5 mm and re-
fractive index n 5 1.5 is illuminated by laser light of l
5 0.5145 mm and w0 5 8 mm exciting a MDR in partial
wave L 5 300 of half-width G 5 5.3 3 1024 (correspond-
ing to DlMDR 5 10
23 nm, which is a typical value). If
the incident beam’s focal waist is positioned so as to maxi-
mize the MDR excitation efficiency, we obtain from Eq.
(46) e300 ' 0.6 3 10
22, rather than the value 3.3 3 1022
that was obtained for a sphere MDR. If G is smaller than
the value given above, the excitation efficiency of the cyl-
inder MDR decreases from the value quoted here. Again,
the derivation leading to Eq. (46) ignored the finite line-
width of the laser. Including this effect, we obtain
eL
TE 5 eL
TM 5
2
p
~G2 1 g2!1/4
K1/2 F G~G2 1 g2!1/2GGS 14 D
(47)
at the optimal beam position in the V ! 0 limit, instead
of Eq. (46).
It would be of interest to perform an experiment in
which a MDR is excited in either a spherical particle or a
long test fiber in contact with a beam-carrying optical
fiber19 to verify the lower excitation efficiency of cylinder
MDR’s. It would also be of interest to measure the exci-
tation efficiency as the angle between the long test fiber
and the beam-carrying optical fiber was varied away from
90° so that spiral MDR’s would be excited in the test fiber.
4. DISCUSSION
The principal results of this study are formulas (16), (24),
(40), and (46), which give the excitation efficiency of a
morphology-dependent resonance produced by a focused
Gaussian beam of arbitrary width and with the illumi-
nated particle at an arbitrary position in the plane of the
focal waist. The off-axis focal waist position that pro-
duces maximal efficiency is given by Eqs. (23) and (35).
The physical interpretation and implications of these re-
sults have also been discussed. In this section their limi-
tations are discussed.
The derivation of the excitation efficiency in this paper
depended crucially on there being radiative equilibrium
between the incident beam and the target particle. But
radiative equilibrium is not necessarily achieved when
the laser beam is pulsed. Nonetheless, all the photons
from one pulse coupled into a MDR mode are eventually
released back to the outside as scattered light, assuming
that no absorption or inelastic processes occur. Thus one
could redefine the excitation efficiency for a pulsed beam
as the energy coupled into the MDR per pulse, or equiva-
lently as the energy scattered by the MDR mode begin-
ning when the pulse first encounters the particle at t
5 0 and extending to t ! `, divided by the beam energy
per pulse.
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When one takes into account the molecular composition
of the target particle, all photons from either a cw or a
pulsed beam coupled into a MDR mode are eventually ab-
sorbed, elastically scattered, or inelastically scattered. If
the target particle is partially absorptive and the refrac-
tive index is complex, some of the energy coupled into the
MDR is converted into heat or into phonons as the MDR
wave orbits beneath the particle surface. One could ex-
tend the definition of the MDR excitation efficiency to in-
clude absorption by calculating the extinction rather than
the elastically scattered power and by modeling the real
part of the resonant partial-wave scattering amplitude as
a Gaussian whose height at a MDR and whose width are
functions of the imaginary part of the refractive index.39
The definition of the excitation efficiency need not be
radically altered if an inelastic process such as fluores-
cence, lasing, or stimulated Raman scattering occurs.
Inelastic processes that arise from molecular excitation
cannot be treated exactly and completely in the context of
Lorenz–Mie theory.40 Rather, the inelastic excitation
rate must be calculated by use of quantum-mechanical
perturbation theory,41 with the vector potential of the in-
terior electric field as the perturbing potential. In many
inelastic processes, however, each scattered photon that
is created at the shifted frequency arises from the annihi-
lation of a single photon at the original frequency. Thus
the number of elastically plus inelastically scattered pho-
tons per second is equal to the number of elastically scat-
tered photons per second calculated in Sections 2 and 3,
assuming that no inelasticities occurred. The definition
of the MDR excitation efficiency can then be recast in
terms of the number of incoming and outgoing photons
rather than in terms of incoming and outgoing power.
We found in Sections 2 and 3 that the scattering effi-
ciency of a low-radial-order MDR is very small because
the MDR linewidth is much narrower than the laser line-
width. The situation for the interior electric field for low-
radial-order MDR’s, however, is somewhat different.
Even if the beam energy coupled to a low-radial-order
MDR is quite low, a MDR photon can orbit beneath the
particle surface for a very long time before finally escap-
ing as scattered light owing to the high Q of the reso-
nance. The resulting interior energy density can thus
grow quite large and can even dominate the total interior
energy density. The dominance can be sufficiently great
that a low-radial-order MDR will still provide the major
contribution to the interior energy density hundreds of
linewidths away from the center of the resonance.13
As a final thought, we have found that the localized
beam-shape coefficients lead to a substantial mathemati-
cal simplification of the formulas that describe the excita-
tion of a MDR by a focused beam, and they provide a
pleasing physical picture of the excitation process. These
results further attest to the fact that localized beam mod-
els represent a significant and useful addition to Lorenz–
Mie theory.
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Note added in proof: Equation (26) has been recently
obtained as the Taylor series expansion of a more general
expression for the MDR shift in Ref. 42. The results of
Eqs. (23) and (35) are not accurate for low-radial-order
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